Abstract-In this note, we propose a solution to the well-know problem of ensuring a simultaneous globally convergent online estimation of the state and the frequencies of a sinusoid signal composed of sinusoidal terms. We present an estimator which guarantees global boundedness and convergence of the state and frequencies estimation for all initial conditions and frequencies values.
I. INTRODUCTION
In this note, we address the problem of simultaneous online estimation of the state and the frequency of a measurable signal composed of the sum of n sinusoidal terms given by
A 1i sin ( i t + 1 i ) + A 2i cos ( i t + 2 i ) (1) where the amplitudes A 1i ; A 2i 6 = 0, the frequencies i 6 = j ; i 6 = j and the phases 1 i; 2 i are all unknown. The frequency estimation is a very important issue in control theory, due to the number of practical applications in rotational mechanical processes like induction motors, disk drivers, helicopters or vibration control among others ( [2] , [4] , [6] , [7] ).
The problem of estimation of the frequency of the signal has been studied extensively by means of differents technics both in the offline case, for example the work of [11] and the online estimation [8] , but only recently, a globally convergent estimator was proposed in [1] on the basis of an adaptive notch (AN) filter first proposed in the discrete-time version in [8] and adapted in [2] for the continuous-time case. A key feature of this AN filter was the scaling of the forcing term to normalize the parameters, which does not affect stability and ensures the positivity for all time of the estimate.
The problem of simultaneous online globally convergent estimation of the frequency and the state is, as pointed out in [1] , a well-known open problem in system theory. In this note, we propose a solution to this long-standing problem and then extend the results naturally to the case of n unknown frequencies. More specifically, we present a new estimator which ensures a continuous-time online simultaneous frequency and state estimation, ensuring that all signals are globally bounded and the estimation of the frequencies and the states are asymptotically correct for all initial conditions and frequency values. Recently, the same problem was addressed in [9] using a set of adaptive observers first developed in [10] . We briefly discuss this results and the main difference with the approach presented here.
II. ESTIMATION OF A SINGLE FREQUENCY
Let us consider a sinusoidal signal y(t) = A 1 sin (t + 1 ) + A 2 cos (t + 2 ) 
We are interested in the estimation of the state (w 1 , w 2 ) and the square of the frequency 2 . Let us denote by x = (x 1 ; x 2 ; x 3 )
T the states of the estimator and define the estimation error vector e = (e1; e2; e3) T , with e 1 = w 1 0 x 1 , e 2 = w 2 0 x 2 and e 3 = x 3 0 2 . Now, the structure of (2) allows us to derive the estimator, described in the following result. 
where , , > 0, k 1 , k 2 6 = 0, ensures that lim t!1 e = 0.
Proof: The error dynamics take the form To ensure that _ V is semidefinite-negative, we need to ensure that
so that, to satisfy both conditions c1k2 > k 2 1 and (9) From this, one can observe that the fourth equation imposes that e 3 must be zero, since e 1 = 0 implies that x 1 = w 1 and this is different from zero except in the trivial situation, so e3 = 0 and the error dynamics tend asymptotically to zero, this is x 3 tends asymptotically to the value of 2 . So, in the invariant set, the only solution for the error dynamics is the trivial solution and for the observer dynamics, the only solution is a limit cycle and the output is precisely the exact output of the original system. So, since V (e) is radially unbounded for all values of e, invoking the Lasalle-Krasovskii theorem [3] , we conclude that the observer guarantees global convergence of the estimation error. Remark 2: Note that if the signal have some constant bias then we can introduce one integrator and make the same procedure.
III. THE n-FREQUENCIES CASE
In this section, we present the extension to the case of a signal containing n frequencies and given by
This signal may be viewed as the output of the dynamical system _ w(t) = Sw(t) (10) The structure of (12) allows us to derive the estimator, which is given in the following result. kiei :
for some P , Q diagonal and positive-definite. Let us now consider the which is negative-semidefinite for some Q. We therefore use the same analysis made in the single frequency case, namely, in this case the invariant set is given byẽ1 = 0, e2n = 0 and then the vector e3 must be zero because the supposition that the frequencies are distinct implies that the signals x 2i01 are linearly independent for i = 1::n. 
IV. SIMULATIONS RESULTS
The performance of the estimator was tested by extensive simulations, some of which are presented in the following figures. First, we show in Fig. 1 the behavior of the estimator for a single frequency and = 1, = 10, = 1, k 1 = 1, k 2 = 1, = 1 and y(t) = sin(t).
We stress the fact that if the frequency is increased, then the magnitude of w2 increase too, and therefore, we may increase to reduce the magnitude of x 2 and reduce k 2 and k 1 for which the dynamics of x 1 are faster. In this situation, we can increase and thus we have faster dynamics of x3. The response of the estimator for = 100, where the parameters are k 1 = 0:5, k 2 = :25, = 100, = 1000, = 1000 and y(t) = 10 sin(100t) is shown in the Fig. 2 . We observe the good behavior of the estimator.
Taking now two frequencies, let us say 1 = 1, 2 = 2, we get a 0 = 4 and a 2 = 5 and the performance of the filter with parameters k1 = 6, k2 = 11, k3 = 6, k4 = 1, i = 1 for i = 1; ::; 3 and y(t) = 10(sin(t) + sin(2t)), are shown in Figs. 3 and 4 .
As it may be observed, the estimator exhibites a good convergence properties, so this results suggest the validity of the proposed estimator.
V. CONCLUSION
In this note the problem of global state and frequency simultaneous estimation is addressed. We propose a new simple estimator which provides a solution to this important problem in system theory. This estimator is globally convergent for all initial conditions and frequency values and its dimension is 3n, which is, as far as we know, the lower dimensional estimator for this problem. The extensive performed simulations allows us to state the validity of the proposed solution.
